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In the past few years the FFOs were developed to the stage of practical applications both on board of high-altitude balloons and in the laboratory [9] [10] [11] [12] . The fluxon train is not a rigid array of vortices and has its internal degrees of freedoms; as local variations of the fluxon spacing change the radiation frequency, the flux-flow steadiness determines the line-width of the emitted CW radiation. The back-reflected radiation (so-called plasma wave) may interact with the incident fluxons, in particular at low chain densities 13 . In order to optimize the output power and to minimize the unwanted backward radiation, special geometrical configurations have been implemented that improve the impedance matching to the RF circuit connected to the FFO at the junction end where the fluxons annihilate and radiation is emitted 14 . In addition, also the loss in the junction is a critical parameter in the JFF stability; large dissipation damps both the plasma waves and the flow of magnetic energy and, vice-versa, in an underdamped system the fluxon motion becomes irregular especially when the fluxon speed approaches the limiting velocity,c.
Beside the rectangular simply-connected geometry, another one-dimensional configuration has been successfully used to study the fluxons propagation and to experimentally test the perturbative sine-Gordon models developed to take into account the dissipative effects. It is the annular geometry in which the JTJ is a the superposition of two narrow doubly-connected superconducting electrodes. In this configuration the influence of the end-boundaries is and their curvature is everywhere much larger than λ J , then the motion of a single fluxon along the perimeter of an AJTJ can be assimilated to that on an infinite structure. The 5 simplest and most studied annular geometry has been implemented with circular AJTJs realized by the superposition of two concentric circular annuli [16] [17] [18] ; in this configuration a magnetic field applied in the junction plane gives rise to a tunable sinusoidal periodic potential for the trapped fluxon [19] [20] [21] [22] [23] . It has been shown that the fluxon energy levels are quantized when cooled to milli-Kelvin temperatures 24 . Despite the many theoretical and experimental investigations on circular AJTJs, the phenomenon of flux-flow has never been reported which implicitly suggests that a regular motion of a fluxon chain is impeded by the periodic boundary conditions.
Recently, the circular geometry in which the internal and external boundaries of the annulus are closely spaced concentric circumferences has been generalized to the so-called confocal geometry in which the annulus boundaries are confocal ellipses 25, 26 , rather than concentric circles. The circular AJTJs can be seen as a special case of the confocal AJTJ (CAJTJ)
where the elliptic boundaries have zero eccentricity. Since the physics of Josephson planar tunnel junctions drastically depend on their geometrical configurations 27 and even tiny geometrical details can play a determinant role 28 ; it is not surprising that the CAJTJs have a very rich nonlinear phenomenology that strongly depends on the system eccentricity 29, 30 .
The key ingredient of this geometrical configuration is the periodically varying barrier width that generates an intrinsic spatially dependent potential for the vortex with bistable states.
The two-state vortex potential can be fine-tuned by an in-plane magnetic and a reliable manipulation of the vortex state. This key ingredient for the realization of a quantum bit has been classically demonstrated in CAJTJs 29, 30 . In addition, the confocal annular configuration is very well modeled by a modified and perturbed one-dimensional sine-Gordon equation that admits solitonic solutions. The tunneling area of a CAJTJ is drawn in Fig. 1 where the principal diameters of the closely spaced ellipses with the same interfocal separation, 2c, are parallel to the X and Y axes of a Cartesian coordinate system. The common foci, the gray dots at (±c, 0), lie on the X-axis. In elliptical coordinates all possible confocal ellipses are uniquely identified by a characteristic value ν c > 0. If we name ν i and ν o < ν i the radial parameters of, respectively, the inner and outer ellipses, then ∆ν ≡ ν o − ν i measures the separation between the ellipses. The annulus is narrow if ∆ν <ν ≡ (ν o + ν i )/2. For such an annulus the mean value,ν, is related to its aspect ratio, ρ, defined as the ratio of the mean length of the minor axes to the mean length of the major axes, ρ ≡ tanhν ≤ 1, and to its eccentricity, e 2 ≡ 1 − ρ 2 = sech 2ν ≤ 1. It is worth to stress that two ellipses can never be 6 "parallel", therefore, in general, a confocal annulus has an intrinsic non-uniform width. The width of the confocal annulus is smallest at the equatorial point, ∆w min , and largest at the poles, ∆w max ; the width variation is smoothly distributed along one fourth of the perimeter, L, of the confocal annulus. In the limiting case of a vanishing eccentricity, the foci of the ellipse collapse to a point at the origin (i.e., c → 0) and the ellipse turns into a circle. At the same time, cosh ν c diverges, while the product c cosh ν c remains finite and tends to the radius, r, of the circle. A circular annulus has unitary aspect ratio, zero eccentricity and uniform width. The confocal AJTJs should not be confused with the elliptical AJTJs
31-34
whose internal and external boundaries are closed curves parallel to a master ellipse, with opposite offsets; strictly speaking, such curves are not ellipses, but more complex curves. Table I . Their DC current-biasing electrodes were parallel to the annulus major diameter, as shown in Fig. 2 .
Essentially the two samples in Table I differ by their aspect ratio, ρ = 1/4 and 1/2. They were designed to have the same equatorial width, ∆w min = 2.1µm, so that the annulus polar width, ∆w max = ∆w min /ρ, is twice as large in the first sample that, consequently, also has a large area. More specifically, the areas, πc 2 cosh 2ν∆ν, of the two CAJTJs happen to be approximately in the ratio 2 : 1, similar to the ratio of their current jumps at the gap voltage, ∆I g . Both our specimens have the same normalized perimeter, ≡ L/λ J ≈ 50. We like to stress that the tunneling area of a CAJTJ, regardless of the geometry of the current carrying electrodes, is uniquely determined once the interfocal distance, 2c, the aspect ratio, ρ, and ∆ν are given.
B. Current-voltage characteristics
We now present the evolution of the current-voltage characteristics obtained by sweeping the bias current with a triangular waveform on our CAJTJs subject to a uniform in-plane interaction with the plasma waves have been studied both experimentally and numerically in Ref. 29 .
As far as concerns the occurrence of current singularities induced by an externally applied in-plane magnetic field, two critical parameters were recognized: i) the orientation of the magnetic field and ii) the sample aspect ratio. As the ellipse has two axes of symmetry, it is expected that the response of a CAJTJ to the in-plane magnetic field is strongest when the magnetic field is perpendicular to the major axes, as it occurs in elliptical JTJs 31 . It has been reported that for CAJTJS the magnetic diffraction patterns (MDPs) of the zerovoltage critical current, I c (H), obtained with a field perpendicular, H ⊥ , and parallel, H to the major axis, differ from one another not only quantitatively but also qualitatively 32 .
The perpendicular MDP, I c (H ⊥ ), shows a fast initial suppression of the critical current and small secondary lobes; vice-versa, I c (H ) is characterized by a slow modulation of the critical current and by large secondary lobes. Interestingly, no current singularities were recorded on the IVCs of a CAJTJ subjected to a even large parallel field; on the contrary, a The geometry of our system suggests the use of the (planar) elliptic coordinate system (ν, τ ), a two-dimensional orthogonal coordinate system in which the coordinate lines are confocal ellipses and hyperbolae. In this system, any point (x, y) in the X-Y plane is uniquely expressed as (c cosh ν sin τ, c sinh ν cos τ ) with ν ≥ 0 and τ ∈ [−π, π] for a given positive c value. According to these notations, the origin of τ lies on the positive Y -axis and increases for a clockwise rotation (Refer to Fig. 1 ). In the limit c → 0, the elliptic coordinates (ν, τ ) reduce to polar coordinates (r, θ), where θ is the angle relative to the Y -axis; the correspondence is given by τ → θ and c cosh ν → r (note that ν itself will becomes infinite as c → 0). For closely spaced inner and outer ellipses, ∆ν ≡ ν o − ν i << 1, the expression of the local annulus width is 25 :
where Qν(τ ) is the elliptic scale factor defined by Q of the aspect ratio, ρ. It is the smooth π-periodic change of the annulus width (through Qν)
that makes the physics of CAJTJs very rich and interesting and the modeling very accurate.
The annulus width is smallest at the equatorial points (τ = ±π/2) and largest at the poles (τ = 0 or ±π). For a circular AJTJ with unitary aspect ratio, the width is constant.
In the small-width approximation, ∆w max << λ J , the system becomes one-dimensional and the ν-independent Josephson phase, φ(τ,t), of a CAJTJ in the presence of a spatially homogeneous in-plane magnetic field H of arbitrary orientation,θ, relative to the Y -axis, obeys a modified and perturbed 1+1 sine-Gordon equation with a space dependent effective
Josephson penetration, λ J /Qν(τ ), length inversely proportional to the local junction width 25 :
wheret is the time normalized to the inverse of the so-called (maximum) plasma frequency, ω p , and the critical current density, J c , is assumed to be uniform. The subscripts on φ are a shorthand for derivative with respect to the corresponding variable. Furthermore, γ(τ ) ≡ J Z (τ )/J c is the local normalized density of the bias current and
is an additional forcing term proportional to the applied magnetic field; h ≡ H/J c c coshν is 14 the normalized field strength for treating long CAJTJs and ∆ is a geometrical factor which has been referred to as the coupling between the external field and the flux density of the annular junction 19 . For a Josephson ring, with τ replaced by θ andν → ∞, we recover the sinusoidal magnetic force 46 , F h (θ) = h∆ cos(θ − θ) with h ≡ H/J c r, where r is the mean ring radius. As usual, the α and β terms in Eq.(2) account for, respectively, the quasi-particle shunt loss and the surface losses in the superconducting electrodes.
When cooling an AJTL below its critical temperature zero, one or more fluxons may be trapped in the AJTJ between its doubly connected electrodes 47 . 
B. The vortex potential
The Lagrangian and Hamiltonian densities associated with Eq.(2) have been derived in Ref. 26 . By assuming that the annulus is long enough so that the left and right tails of a single Josephson vortex do not interact, a non-relativistic fluxon centered at τ 0 is subject to an intrinsic double-well,Û w (τ 0 ) ≈ 8Q(τ 0 ), regardless of the its polarity. Therefore, this potential applies to a single fluxon or antifluxon (n w = ±1) as well as to both the fluxon and the antifluxon of a FF pair (n w = 0). Referring to Fig. 4 , we see thatÛ w expresses a π-periodic potential energy function uniquely determined by the CAJTJ ellipticity, e 2 ≡ 1−ρ 2 .
The potential wells are located at equatorial point, τ 0 = ±π/2, where the annulus width is Since our simulated rings have a large, but finite, normalized perimeter, = 50, the critical field is slightly larger than unity, h c (ρ = 1) ≈ 1.08; as a circle has infinitely many axes of symmetry, this occurs for any field orientations. From the figures it is seen that, as the annulus is made more and more eccentric, the critical field decreases (increases) when the in-plane applied field is perpendicular (parallel) to the major axis. For the most squeezed confocal annulus, ρ = 1/4, the ratio of the parallel to perpendicular critical field is about 18, i.e., much larger than the ratio of the major to the minor axis of the outer ellipse which is very close to 3 (see Fig. 1 ). The reason of such markedly different effects resides in the fact that the 2π-periodic (polarity-dependent) magnetic potential breaks the symmetry of the width-induced double-well potential unless when the field is strictly perpendicular to the major diameter of the CAJTJ. for = 50 and ρ = 1/4. In both cases we found that the FFS tend to disappear as the eccentric annuli change into rings. This is consistent with our initial observation that the JFF has never been reported for the well-studied circular AJTJs. In passing, we note that, in Fig. 7(b) , due to the relatively high value of the loss parameter, the resonant nature of the Eck step is clearly seen, since it is possible to trace the negative resistance part of the curve.
So far we have presented numerical results in the presence of a perpendicular field simply because the resonances excited by a parallel field are infinitesimally small; more specifically, as the direction,θ, of the applied field is rotated from 0 to ±π, the supercurrent of the magnetically-induced branches continuously decreases until they almost disappear in the ohmic background currents. This is consistent with the absence of magnetically induced structures noticed in the experiments. happens in the presence of a perpendicular in-plan field. As the confocal annulus tends to a ring, the potential well disappears (see Fig. 4 ) and the annihilation becomes less likely.
The JFF process is less attainable (if not impossible) in the presence of a parallel magnetic field, in which case the fluxons-antifluxons collision occurs in one of the metastable points at τ = 0 or ±π, where the fluxon potential has a relative maximum.
IV. COMMENTS AND CONCLUSIONS
The comparison between the experimentally recorded and the numerically computed families of IVCs reveal a more than satisfactory qualitative agreement. A number of reasons may explain the quantitative discrepancies. First, the adopted model does not include the effect of the bias-current induced self-field which is particularly strong in high-J c samples with a current flow perpendicular to the direction of the applied magnetic field. In addition, the uniform bias approximation is not realistic for our "in-line like" geometrical configuration for which a current distribution, γ(τ ), peaked at the equatorial points, τ = ±π, would be more appropriate. Above all, the voltage-independent loss parameter, α, is responsible for the luck in the simulated families of IVCs of a seamless transition from the Fiske-staircase to the smooth ES as the steps move away from the current axis with the increasing magnetic field strength. Despite these caveats, however, our study clearly elucidate the conditions 
